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a b s t r a c t
The maximum number of vertices in a graph of specified degree and diameter cannot
exceed the Moore bound. Graphs achieving this bound are called Moore graphs. Because
Moore graphs are so rare, researchers have considered various relaxations of the Moore
graph constraints. Since the diameter of a Moore graph is equal to its radius, one can
consider graphs in which the condition on the diameter is relaxed, by one, while the
condition on the radius is maintained. Such graphs are called radial Moore graphs. It has
previously been shown that radial Moore graphs exist for all degrees when the radius is
two. In this paper, we extend this result to radius three. We also construct examples that
settle the existence question for a few new cases, and summarize the state of knowledge
on the problem.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The maximum number of vertices, n, in a graph of specified degree d and diameter k cannot exceed the Moore bound.
This bound is denotedMd,k and is given by the following inequality:
n ≤ Md,k = 1+ d+ d(d− 1)+ · · · + d(d− 1)k−1. (1)
Graphs achieving this bound are calledMoore graphs.
In the case of diameter k = 2, Hoffman and Singleton [8] proved that unique Moore graphs exist for d = 2, 3, 7 and
possibly d = 57, but for no other degrees. They also showed that for diameter k = 3 and degree d > 2 Moore graphs
do not exist. The enumeration of Moore graphs of diameter k > 3 was concluded by Damerell [4], who used the theory of
distance-regularity to prove non-existence unless d = 2 (an independent proof was given by Bannai and Ito [1]).
The rarity of Moore graphs has stimulated research on various relaxations of the Moore graph constraints. The most
common variant is the degree/diameter problem, which begins with the search for graphs with maximum possible orders for
given degree and diameter. This problem has been surveyed in [13].
Another approach considers relaxing the degree constraints. All vertices of a Moore graph have the same degree, d, and
the same eccentricity, k. Tang et al. [16] considered what happens when graphs with a few vertices of degree d + δ are
permitted.
The approach considered in this paper is derived from the fact that the diameter of a Moore graph is equal to its radius.
So one can consider graphs in which the condition on the diameter is relaxed, by one, while the condition on the radius
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Fig. 1. All cubic radial Moore graphs of radius two. Vertices in white have eccentricity two.
Fig. 2. The tree Td,k .
in maintained. In other words, one seeks regular graphs of degree d, radius k, diameter at most k + 1 and order Md,k. Such
graphs are called radial Moore graphs.1
The first interesting case is for degree 3 and radius 2. In [14], this case was settled. Fig. 1 shows all five cubic radial Moore
graphs of radius k = 2. Capdevila et al. [2] give a complete enumeration of radial Moore graphs of degree d and radius k for
(d, k) equal to (3, 2), (4, 2), and (3, 3), and rank them according to their proximity to a (non-existent) Moore graph. They
also showed that radial Moore graphs exist for all degrees d ≥ 3when the radius is 2. Knor [11,12] gives radial Moore graphs
of radius k = 3 and degree d ≤ 30 obtained by computational exploration.
As the radius increases, radial Moore graphs become more difficult to find. This is due to the following observation.
A family of examples for somedegree d and all radiiwould also give us a family of examples for the degree/diameter problem,
andwould improve the lower bound for the latter problem towithin 1/(d−1)of theMoore bound. Thiswould be a significant
improvement over the best current bounds [13], both asymptotically and for specific cases.
In this paper, we present a general construction of radial Moore graphs for radius k = 3. Our construction is based on
generalized de Bruijn graphs. We also present new examples of radial Moore graphs for (d, k) equal to (3, 4), (4, 4), (5, 4),
and (3, 5). No general construction for radius k > 3 is known.
2. Notation and terminology
In this paper,we consider graphswithout loops ormultiple edges. The order of a graphG is the cardinality ofV , denoted by
|V |. The degree of a vertex is the number of vertices adjacent to it. A graph is regular of degree d if all its vertices have the same
degree d. Awalk of length ℓ from a vertex u to a vertex v (a u−v walk) is a sequence of vertices u = u0, u1, . . . , uℓ−1, uℓ = v
such that each {ui−1, ui} is an edge. A cycle of length ℓ (an ℓ-cycle) is a closed walk with ℓ distinct vertices.
A graph G is connected if every pair of vertices, u and v, is joined by a walk. The length of a shortest u − v walk in G is
the distance between u and v, denoted by d(u, v). The eccentricity of a vertex v, denoted by e(v), is the maximum distance
between v and any other vertex in G. The radius (resp. diameter) of G is theminimum (resp. maximum) value of all its vertex
eccentricities. Vertices with minimum eccentricity are called central vertices. Notice that in a Moore graph all vertices are
central. A radial Moore tree of degree d and radius k is a tree containing a single vertex v (the root) of eccentricity k in which
all vertices have degree 1 or degree d and having orderMd,k (see Fig. 2).
1 The term radially Moore graphs has also been used.
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We use Nℓ(v) to denote the set of vertices whose distance from v is at most ℓ, and use Γℓ(v) to represent the set of
vertices at distance ℓ from v. The reader is referred to Chartrand and Lesniak [3] for additional graph theoretical concepts
that appear in this work.
3. Radial Moore graphs of radius three
3.1. Generalized de Bruijn graphs
In this section we construct radial Moore graphs of radius three for all degrees d ≥ 22. Our construction is based on the
generalized de Bruijn digraphs, whichwere introduced [5] in the context of the optimization problem that seeks tominimize
the diameter andmaximize the connectivity of a digraphwith n vertices and outdegree atmost d. Given the two parameters,
d andn, with 2 ≤ d ≤ n, the generalized de Bruijn digraphGB(d, n) is the directed graphwithn vertices, labeled by the residues
modulo n, in which there is an arc from vertex i to vertex j if and only if j ≡ di+ ℓ(mod n), for some ℓ = 0, . . . , d−1. These
digraphs were independently proposed by Imase and Itoh [9], and Reddy et al. [15], as a generalization of the well known de
Bruijn digraphs, defined in [5] for n = dk. Essentially, the generalized de Bruijn digraphs retain all the properties of the de
Bruijn digraphs, but have no restriction on the number of vertices. In particular, GB(d, n) is a diregular digraph of degree d.
For any vertex i of GB(d, n), the subset of vertices that are reached from i in exactly ℓ steps, Γ
GB
ℓ (i), are labeled consecutively
by integers modulo n,
Γ
GB
ℓ (i) = {dℓi+ j(mod n), j = 0, 1, . . . , dℓ − 1}. (2)
Therefore, |Γ GBℓ (i)| = min{dℓ, n}. As a consequence, the diameter of GB(d, n) is bounded above by ⌈logd n⌉ (see [9]), which
differs by at most one from the lower bound ⌊logd(n(d− 1)+ 1)⌋ (see [6]). With respect to connectivity, GB(d, n) is nearly
optimal; since it is (d − 1)-connected, as Imase et al. proved in [10]. Observe that GB(d, n) has loops and digons. Denoting
the number of loops by c1 and the number of digons by c2, we have the following:
c1 =

d
g1

g1
c2 = 12

g2

d2
g2

− c1

 , where gℓ = gcd(dℓ − 1, n);
(see [7]). In particular, since g1 ≤ d− 1,
d ≤ c1 ≤ 2(d− 1),
and, therefore,
c2 ≥ 12 ((d− 1)
2 + 1).
Next, we show that cycles of length ≤ 2 are at mutual distance at least 2, when the diameter of GB(d, n) is sufficiently
large.
Lemma 1. Let d and n be two natural numbers such that d3 ≤ n. Then, the subdigraph of GB(d, n) induced by the subset of
vertices contained in either loops or digons is
c1K ∗1 ∪ c2K ∗2 ,
where K ∗p denotes the complete symmetric digraph of order p.
Proof. Let V1 and V2 denote the subset of vertices of GB(d, n) contained in 1-cycles and 2-cycles, respectively. We will show
that such cycles cannot have vertices in common and, moreover, there are no arcs between them. To do so, we use the fact
that, by Eq. (2), every pair of vertices of GB(d, n) is joined by at most one walk of length ℓ, for each ℓ such that dℓ ≤ n. Thus,
since d ≤ n, no vertex of V1 can be contained in two different loops. And since d2 ≤ n, we conclude that V1 and V2 are
disjoint. Otherwise, for any vertex v ∈ V1 ∩ V2 there would be two v → v walks of length 2. By the same argument, no
vertex of V2 can be contained in two different digons and there is no arc between vertices of V1. Finally, the condition d3 ≤ n
implies that there is no arc between vertices of V2, v andw, and there is no arc between a vertex of V1 and a vertex of V2. 
3.2. Generalized undirected de Bruijn graphs
The generalized undirected de Bruijn graph, denoted byUGB(d, n), is the graph derived from GB(d, n) by replacing arcs with
edges and omitting loops and multiple edges. It is immediate that UGB(d, n) has order n, maximum degree 2d, minimum
degree 2d − 2, c1 vertices of degree 2d − 2, 2c2 vertices of degree 2d − 1, with the remaining vertices having degree 2d.
From Lemma 1 we have the following result:
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Corollary 1. Let d and n be two natural numbers such that d3 ≤ n. Then, the subgraph of UGB(d, n) induced by its subset of
vertices of degree< 2d is
c1K1 ∪ c2K2,
where Kp denotes the complete graph of order p.
In addition, for any vertex i in UGB(d, n),
NUGBℓ (i) ⊇ NGBℓ (i),
therefore the diameter of UGB(d, n) is bounded above by ⌈logd n⌉.
3.3. A construction of radial Moore graphs of radius three
First, recall that a central vertex in a radial Moore graph of degree d and radius k is a vertex of eccentricity k. By definition,
such a vertex exists. Of course, if every vertex were central, we would have a Moore graph.
The construction begins with the radial Moore tree Td,k given in Fig. 2 rooted at a central vertex v.
Consider the set of vertices at maximum distance k from v in Td,k. Denote this set by Γk(v). There are N = d(d − 1)k−1
such vertices that we label by the integers modulo N (note that in Fig. 2, this set would be the last row, labeled from
left to right). The next step in the construction is to connect the N vertices to form a de Bruijn graph UGB(∆,N), with
∆ = ⌊ d−12 ⌋. Wewill show that for radius k = 3 and sufficiently large degree d, the resulting graph, denoted by GM(d, 3), has
diameter 4.
Theorem 1. The diameter of GM(d, 3) is 4, whenever d ≥ 22.
Proof. Let v be the root of the spanning tree T = Td,3 of G = GM(d, 3). Since e(v) = 3, the eccentricity of any vertex in
Γ1(v) is at most four.
Now, consider a vertex w ∈ Γ2(v). The distance between w and any other vertex z ∈ Γ2(v) is at most four, since
dG(w, z) ≤ dT (w, z). Let {iw, iw + 1, . . . , iw + d− 2} be the set of neighbors ofw at distance 3 from v. Note that
NG4 (w) ∩ Γ3(v) ⊇ ∪d−2j=0 NUGB3 (iw + j) ⊇ ∪d−2j=0 NGB3 (iw + j)
and
∪d−2j=0 NGB3 (iw + j) = {∆3iw,∆3iw + 1, . . . ,∆3iw +∆3(d− 1)− 1} mod N,
where∆ = ⌊ d−12 ⌋ and N = d(d− 1)2. So, if∆3(d− 1) ≥ d(d− 1)2 = |Γ3(v)| then NG4 (w) ⊇ Γ3(v) and therefore e(w) ≤ 4.
Because the diameter of UGB(∆, d(d− 1)2) is at most ⌈log∆ d(d− 1)2⌉, the maximum distance between any pair of vertices
in Γ3(v) will be at most 4, whenever∆4 ≥ d(d− 1)2. So, if both conditions are satisfied, then all vertices in Γ2(v) ∪ Γ3(v)
will have eccentricity at most four. Since min{(d− 1)∆3,∆4} = ∆4, the resulting inequality
∆4 ≥ d(d− 1)2, (3)
will be satisfied for any degree d bigger than a certain value d0.
If d is odd, d = 2∆ + 1, the condition (3) is equivalent to ∆2 ≥ 8∆ + 4, which is satisfied whenever ∆ ≥ 9; that is,
d ≥ 19. If d is even, d = 2∆+ 2, the minimum value of d that satisfies (3) is 22.
Hence, the diameter of GM(d, 3) is≤ 4, whenever d ≥ 22. In fact the diameter is exactly 4, since there is noMoore graph
of diameter 3 and degree d > 2. 
Next, we prove that we can extend GM(d, 3) to a regular graph by adding edges, and consequently obtain radial Moore
graphs of radius three, whenever d ≥ 22.
Lemma 2. Let d and n be two natural numbers such that d3 ≤ n. Then, UGB(d, n) is a subgraph of a 2d-regular graph of order n.
Proof. Let V1 = {v1, . . . , vc1} and V2 = {w1, w2, . . . , w2c2} be the sets of vertices of GB(d, n) contained in loops and digons,
respectively. From Corollary 1, we know that the subgraph of UGB(d, n) induced by V1 ∪ V2 is c1K1 ∪ c2K2. Without loss of
generality, we assume that {w2i−1, w2i} is an edge of UGB(d, n), for each i = 1, . . . , c2. We must add two incident edges to
each vertex in V1 and one incident edge to each vertex of V2. We can do it by forming two paths, one with the vertices of
V1 : v1, v2, . . . , vc1 , and the other one with the vertices of V2 : w1, w2, . . . , w2c2−1, w2c2 , which uses the alternating edges{w2i−1, w2i}, and joining these two paths to get a cycle. For example, we may add the edges {v1, w1} and {vc1 , w2c2}, since
c1 + c2 ≥ 3. 
Proposition 1. GM(d, 3) can be extended to a regular graph.
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Fig. 3. Constructing a radial Moore graph of degree 3 and radius 4.
Proof. By construction, GM(d, 3) contains UGB(∆,N) as an induced subgraph, where∆ = ⌊ d−12 ⌋ and N = d(d− 1)2. Since
∆3 ≤ N , we can apply Lemma 2 and obtain a regular graph H with degree 2∆ and order N containing UGB(∆,N) as a
subgraph. If d− 1 = 2∆we are done. If d− 1 = 2∆+ 1, it remains to find a 1-factor in the complement of H . The existence
of such a factor inH can be deduced from the fact that each vertex ofH has degreeN−1−2∆ ≥ N2 and, therefore, by Dirac’s
Theorem, H contains a Hamiltonian cycle, which has even order, since N = d(d − 1)2. So, by adding to H the alternating
edges of a Hamiltonian cycle of H , we get the desired regularity. 
Previously, Knor [12] found radial Moore graphs of radius three and degrees up to 30. Therefore we have the following
result.
Theorem 2. Radial Moore graphs of radius three exist for any degree d ≥ 3.
4. Other new radial Moore graphs
In addition to the general construction for radius 3, we also have found radial Moore graphs for four specific (d, k) pairs:
(3, 4), (3, 5), (4, 4), and (5, 4).We believe that the graph for the first of these cases is particularly interesting, sowe describe
it in some detail.
4.1. A radial Moore graph of degree 3 and radius 4
By Eq. (1), a radial Moore graph of degree 3 and radius 4 must have order n = 46. We found three such graphs, one of
which is particularly interesting.
To construct the graph, begin with the radial Moore tree of degree 3 and radius 3, rooted at vertex v. To these 22 vertices,
add four disjoint 6-cycles. This gives the required total of 46 vertices. This portion of the graph is depicted in Fig. 3.
It remains to attach the end vertices of the Moore tree to the 6-cycles. Note that there are 12 end-vertices in the radial
Moore tree, and 24 vertices in the 6-cycles, so each end-vertex of the treemust be joined to two vertices among the 6-cycles.
To specify how this is done, it is convenient to identify six pairs of vertices. The labels assigned are ui for 0 ≤ i < 12. One
should imagine the labels assigned in order, from left to right, in the figure, so that each pair of end-vertices u2i, u2i+1 is at
distance two in the tree, i.e., with a common neighbor in Γ2(v).
We also define quads of end-vertices to consist of the four vertices in two of our pairs at distance four in the tree (the
three quads are enclosed in dashed ellipses in the figure).
Next we label the four 6-cycles as Hj, for 0 ≤ j ≤ 3. Then the edges joining the end-vertices of the tree to the 6-cycles
must satisfy the following necessary, but not sufficient, conditions.
• Each end-vertex is adjacent to vertices in two different 6-cycles.
• Each pair of vertices is joined to all four 6-cycles, i.e., the two vertices in each pair go to different 6-cycles.
• Each quad has eight neighbors among the 6-cycles. These eight neighbors consist of a pair of antipodal vertices in each
of the four 6-cycles.
To complete the construction, end-vertex ui is joined to vertices in 6-cycles Hj and Hk, for i, j, and k as indicated in the
Table 1.
If these conditions are met, then the resulting graph is a radial Moore graph of degree 3 and radius 4 with the following
properties. All 10 vertices at distance two or less from v are central vertices. The automorphism group of the graph has order
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Table 1
Guide to joining leaf nodes to 6-cycles in Fig. 3.
u0 H0 H1
u1 H2 H3
u2 H0 H2
u3 H1 H3
u4 H0 H1
u5 H2 H3
u6 H0 H3
u7 H1 H2
u8 H0 H2
u9 H1 H3
u10 H0 H3
u11 H1 H2
Table 2
Cases for which a radial Moore graph is known to exist.
Radius Degree
d = 3 d = 4 d = 5 d ≥ 6
k = 2 All degrees
k = 3 All degrees
k = 4 ✓ ✓ ✓
k = 5 ✓
k ≥ 6
48. The group can be identified with the full automorphism group of the radial Moore tree of radius 2 rooted at v. Recall that
a Moore graph of degree 3 and diameter 4 would have girth 9, if such a graph existed. Our graph has exactly four cycles of
length less than 9: the four distinguished 6-cycles.
4.2. Other constructions
In addition to the radius 3 and the (3, 4) constructions, we found radial Moore graphs for three other new cases:
(3, 5), (4, 4), and (5, 4). All three cases were solved using the algorithm described in [2]. Computer representations of these
graphs are available at http://cs.indstate.edu/ge/COMBIN/RADMOORE.
4.3. Summary
The Table 2 summarizes the state of knowledge concerning the existence of radial Moore graphs. Besides the two infinite
families for radii 2 and 3, only sporadic cases have been settled.
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